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Herman Wold on Optimal Properties of 

Exponentially Weighed Forecasts 

by 

Harald Lang 

Herman Wold's doctoraI thesis "A Study in the Analysis of 

Stationary Time Series" (Wold (1938» is very of ten referred 

to in the econometrics and time series literature, and the 

result referred to is most of ten the "canonical representa

tion" of a stationary time series that appears in chapters 1 

and 2. But there are two more chapters that seem to be less 

weIl known. As an example, I will in this not e point out that 

John Muth's result in "Optimal Properties of Exponentially 

Weighed Forecasts" (Muth (1960» is already contained as a 

special case in Wold (1938). 

When Milton Friedman presented his famous "Permanent 

Income Hypothesis" (Friedman(1957» he used an exponentially 

weighed sum of current and lagged observations on actual 

income as an identifier of permanent income, and in Muth 

(1960) John Muth investigated the optimality of this measure. 

The setup was as follows: Assume that log of actual income Yt 

is the sum of three terms 

1 

(l) 

where a is a constant, wt is (log of) permanent income and vt 
is transitory income. The term vt is assumed to be "white 

noise" and wt is assumed to be a "random walk". The increment 

dWt of wt and vt may be contemporaneously, but not inter

temporally correlated. For notationaI simplicity we assume 

that dWt and vt are uncorrelated. Under these assumptions Muth 

shows that the optimal forecast of Yt+1 (which is the same as 
the optimal measure of wt ) is the exponentially weighed sum 

* Yt+1 

where fi is given by 

(2) 
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p = 1 + 

2 a dw 
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2 ]1/2 a dw 
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In chapters 3 and 4 Wold (op. cit.) studies the following 

question: let et be a stationary stochastic process with zero 

mean. Under what conditions is there an auto-regressive repre

sentation of e: 

00 

et = ~ a.et . + €t 
i=1 1 -1 

(A) 

(where €t is white noise) and when is there a moving average 

representation: 

Observe that when (A) and (M) exist 

is the optimal forecast of et' given et-i' i>o. 
Let us introduce some notation: call the function 

A(z) 
00 • 

= 1 - ~ a.z 1 

i=1 1 

(M) 

(z being a complex number) the characteristic function of the 

auto-regressive representation (A), if it exists, and the 

function 

i M(z) = ~ m.z 
i=o 1 

00 

the characteristic function of the moving average represen

tation (M). We also introduce the characteristic function of 

the correlogram of e according to 

R(z) 
+00 i 

= 2: r.z 
i=-oo 1 

where r. = corr(et,et .). 
1 -1 

Some of the results that Wold derived in chapters 3 and 4 

may now be summarised as the following theorem: 



Theorem: Assume that r i = O for i>N and that R(z) has no 

complex roots on the unit circle. Then the autoregressive 

representation (A) as weIl as the moving average representa

tion (M) exist. The characteristic functions are obtained as 

follows: Let a
1

, .• ,a
N 

be the zeroes of R(z) lying inside the 

unit circle (if r N + O it is easy to see that there are 

exactly N of them). Then 

and 

3 

A(z) = 1 
M(z) (4) 

Let us now see how Muth's result is a special case of 

this theorem. 

Taking first differences of (1) gives 

We see that the autocorrelation coefficients r. of dy are 
l 

Hence R(z) = r_1z -1 

z = -1,2 
1 ± 2r1 

+ 1 + 

[ 1 

4r2 

2 
-(J 

v 

r 1z has 

- 1 
]1/2 

r n = O for Inl>l 

two roots: 

non e of which lies on the unit circle. Hence, by the theorem 

above, (A) and (M) exist and since the root lying inside the 

unit circle is 

1 [ 1 ]1/2 
/3 = - - - 1 (5) 2r1 4r2 

we have M(z) = 1 - /3z and 

00 

A(z) 1 L: /3iz i = = l-/3z 
O 

This means that 



which implies 

and hence 

* 00 i 
Yt+1 = (1-~) ~ ~ Yt-i 

O 

which is Muth's result (2). If we plug the expression for r 1 
into (5), we obtain Muth's expression (3). 

The reade r who searches Wold's work for this specific 

result is apt to be disappointed. For Wold's result is never 

expressed as a single theorem; it is developed at various 

points in chapters 3 and 4. Wold does not, moreover, use the 

"characteristic functions" of (A) and (M). He writes down the 

recursive equations corresponding to e.g. eg. (4). But the 

result (and much more) is all there. 
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