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On the Measurement of the Degree of Progression

1. Introduction

It is generally agreed upon that a progressive tax system should be defined

as one/where the average rate of tax increases with income before tax.

The degree of progression, however, is coften referred to by politicians

and economists with no preécise meaning attached to 1it.

The ambiguity of the latter concept was discussed by Musgrave and
Tun Thin [lQhS](M & T) in their Well;known article "Income Tax Progressiocn
1929-1948". They suggested the following four local measures of pro-
gression. ‘
1. Average rate.éfoéression

(The derivative of the tax rate with respect to income before ta;.)

2. Marginal rate progression

(The derivative of the marghal tax rate with respect to income before tax.

3. Liability progression

(Elasticity of tax liability with respect to income before tax.)

k. Residual income progression

(Elasticity of income after tax with respect to income before tax.)

These measures are all compatible with the basic definition of a
progressive tax system. Any progessive tax is namely by each measure con-
sidered as "more progressive" than a proportional tax.

As could be expected thérdi%ferent measures all had different stories
to tell about the development of the progression in the U.S. M. &.T. could
also contend that it were not possible, on the grounds of any of the sacri-
fice formulae to single out one measure of progression as the "correct" one.
To day it seems natural to choose income redistribution instead of traditiona
equity theory as a framework for a discussion of the degree of prpg?ession-
Recent work™’ on the measurecment of income ineqguality has provided strong
justification for the use of the Lorenz-—criterion when ranking inccme
distributions with respect to income inequality. When the income distri-
bution before tax is given this criterion could also be used to decide

whether cne tax system is more redistributed than another. Suppcse namely

1) Atkinson [1970], Kolm [1969])and Rotchild & Stiglitz [1972].



that two tax schedules give rise to income distributions after tax with non-
intersecting Lorenz-curves. Then the tax schedule relative to the dominated
Lorenz-curve can be considered unambiguously mere redistributive than the
other.

The purpose of this note is to show that as soon as the context chooser
is income redistribution Jjudged by the Lorenz-criterion, there is just one
logical measure of progression. The argument rests on the following reason-
able reqguirement for a local measure of progression: If one tax system
everywhere is more progressive than another, then it should also be un-
ambigously more redistributive than the other.

In section 2 it is shown that the only measure to meet this test is

the elasticity of income after tax, or with the M & T terminolegy, the

residual progression. This relation between the global concept of redistri-

bution and the proposed local measure of progression certainly is of ana-—

lytical value, but it could also be useful in the practical work of e.g.

assessing alternative tax systems. ' ‘ ' =
Generally the redistributive effect of a fax system is affected by

a change in the income distribution before tax. Of a special interest

are the effects from a mere change of the scale of the income distribution

before tax. For a tax.schedule with constant progression redistribution is

unaffected by any proportional change in income distribution before tax. In

fact it is the only tax schedule with this property, which is shown in sec-

tion 3. In the last sectim the effects of an increased progression ¢n tax

rates and marginal tax rates, at different income levels, are discussed.

2. Progression and Lorenz-domination

. In order to decide whether a particular income distribution is more equal

L)

to this criterion an income distribution is more egual than another if and

than another the concept of Lorenz-domination (LD) will be used. According

only if its Lorenz-curve lies completely inside the Lorenz-curve of the other

The criterion has a long tradition in the study of income inequality. It

1)

"principle of transfers".

can moreover be shown™ ' that it is equivalent with the intuitively appealing

2)

LD provides a partial ordering on the set of

income distributions. Each one of the conventional measures of inequality

1) See Kolm [1969], Rotschild and Stiglitz [1973), Atkinson [1969].
2) Dalton [1920]. o
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Proof: The inequality (2) implies that I

1)

most of these orderings are in accordance with LD. A further justification

gives a particular total ordering on the same set. It can be shown™ ' that
for the use of LD in this context is provided by the corollary of this sec-—
tion.

In this section and the following one we will work with discrete re-
presentations of income distributions. An income distribution is thus given
a vector p = (pl,...,pn); Py £ pg,...,ﬁ pi,...,é P> where p; is the income

of the i:th person. The Lorenz-curve of a particular distribution is given

by the curvez) N
v
L P;
yvo,a=l ). =
sl 5 V= 1,...,.0
r Pi
i=1

A formal definition of LD now is: The vector p is Lorenz-—dominated by the

vector g if and only if
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with equality for v = n.

The following lemma is essential for the proposition in this section.

i

Lemma: Consider two vectors p (pl,,...,pn) and q = (ql,...,qn), where

£ £ E <3i&
a4, £ 9, i ¥ G If for 1<i®n

Z L < £
0 = Pl & Pz,ﬁr.., =P and 0

qi Pi ' P
<
q

31 s i |

(2)

then the vector p is Lorenz-dominated by the vector g.

1) See i.e. Atkinson [1969].
2) See Kolm [1960].



P. q
Since both vectors are positive we then have L nn =
X

q.
>~ and
n n,
L Qi % Pi
: i=1 i=1

<

(e =1 s o]

q.

P.
3.

. i
1=1
Since both p and q are arranged in increasing order there now exists an intege
v! such that
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The rest of (1) follows directly from (3).

We now can prove

Proposition 1: Consider two tax schedules with elasticities in income

after tax as a function of income before tax given by al(y) and

i) If al(y) < ag(y) everywhere then system 1 is unambigously more redistri-
butive than system 2.

ii) A necessary condition for system 1 to be more redistributive than

system 2, for any distribution of income before tax is that él(y) < a2(y)
everywhere,

1) For an individual we have

y = income before tax ;

§ = amount of tax paid.(s is a function of y, where the form of the function
is specified in the tax laws)

x = (y-s) = income after tax

s
t = (g) = average tax rate
= marginal tax rate

aly) = %% £)= elasticity of income after tax

Vo= -CEI = tuvw o at1 04
e(y) = (dy s) = tux elasticaty.



Proof:

i) Income distribution before tax is given by the vector (y). The distri-
bution of income after tax given by system one is represented by the vector
1 . 2
x* and system 2 gives the vector x . It follows now by the definition of

elasticity of income after tax that when al(y) < a2(y) everywhere then

S
1 . -
T < 5 - The first part of the preposition now follows from the Lemma.,
x; X
¥=1. i~1

. ,-r - : B . - "X ’
ii)~ 1f al(Y) & ae(Y) except for one interval where a. (y) > az(y), we could
alvays imagine an income distribution before tax that lis completely
within the ‘latter 1nterval :

As a corollary to this proposition we get an 1nteregt1nv relation

between LD and the basic definition of the progression.
Corollary: If and only if a specific tax system is progressive everywhere
any income distribution before tax will be Lorenz-dominated by the resulting

income distribution after tax.

3. Constant progression

The Lorenz-curve of an inéomé.distributibh is not affected by the scale of
incomes. Or in other words, & proportionate change of all incomes leaves the

Lorenz curve of the distribution intact.

It 1s easily verified that a tax schedule of constant progr8551on hdS

the propertj to preserve the Lorenz-curve for the distribution of incomes

~after tax, when the scale of all incomes is changed. In the following pro-

position it is also shown that in fact it is the only tax schedule with this
property. That is, in any other tax system, there is a change in the re-
distributive . effect resulting from e.g. an inflationary proportional in-

crease of all incomes before tax.

Proposition 2: The redistributive effect of = particular tax schedule is

unaffected by a proportionate change in all incomes before tax if and
only if a(y) is constant (i.e. x = by>, where y is income before tax and

X is income alter tex).



Proof:

i) The sufficiency part is trivial.

ii) To prove the necessity let the relation between income before tax (y)
and income after tax (x) be given by x = f(y). 1If the before tax distri-
bution with a scale factor is given by ay = (ayl,...,ayn) we than get the
after tax distribution x = (f(uyl), f(ayE),...,f(uyn)). Tt is easily checked

that the requirement that the Lorenz-curve of a.is invariant for changes

P -y " v Blays)

in o 1mplies that for any pair of elements yi yj the ratio 1 1s a
function of y, and ¥; only. 1I.e. ' f(ayj)
oy )

—x = G(y." y)

f(ayj) it 3

For yj = 1 we get
2 i3 ) =1 gly.
(ay;) = £(a) gly,)
There is a well-known theorem first proved by Cauchy [1821] that the only

function to satisfy this equation is X = by".

4., Tax rates,marginal tax rates and progression

The measure of progression (a) advocated here can be written as a func-
tion of the individual's tax rate (t) and marginal tax rate (M) in

the following way

M) | . (5)

) =)

So a could be lowered either by an increase in the merginal tax rate or

a decrease in the average tax rate. If we for a given revenue constraint

on the macro level consider a uniform increase in the rate of progression
we would expect people with low incomes to get their tax rates réduced vhile
they would be raised for high-income people. The latter category must con-—
sequently also get their mairginal tax rates increassd, while there would

be & possibility for low income people to get marginal tax rates reduced

as well.



For a log-normal income distribution, and a tax schedule with con-—
stant progression can prove.

Proposition 3. Suppose the income distribution before tax is log-normal

(n,0) and consider tax schedules with constant progressivity. Then an in-
creased progressivily with constant revenue, gives a majority of income
earners a decreased tax rate and another majority an increased marginal

tax rate (if o<l.).

Proof: The tax schedule is given by

x = by , (6)

where b and a are public parameters.
Income before tax (y) is log-normally .distributed with the parameters

p and o. Therefore the mean income of the distribution is given by

w2 o (1)
Ely] = e . ' .
The median is
Mlyl = eV, ' (8)

Now by (1) and well-known properties of log-normal distributicnsl) we
have

1 [ =9
ay + P aag
Elx] = E[by®] = be .

The aggregate tax rate (t) is given by

l 2
B[ x] U(a"l) & EO' (a "l)
t=1-g5ny =1 be . : - {9)
By differentiating in (9) we get
- & '
db = -b(p+c“a)da (10)

vhich is the relation between changes in the public parameters holding

revenue constant.

1) See i.e. Aitchison & Beown [1969].



db . . P ; o
Natural enough g 1S negative. An 1ncrease 1n the progressivity
(decrease in a) admits a compensating proportional increase in the dis-
posable incomes.

To get the effect on the individual level of changing public parameters

ve differentiate in the tax function (6)

dx = yadb + bya log y da | (11)
Substituting for db in (11) we get

dx = fyab(u+02a)da+ bya log y @a; | (12)

From (12) it can be seen that an increase progressivity (da<0) gives an in-
creased disposable income if and only if

2
y < eu+a0

(13)

M3t is clear from

As the median income of the distribution is given by e

(13) that a majority of income-earners alvays (a20) get their disposable

income increased when the progression, and consequently the tax redistribu-
1) '

Turning to the marginal tax rates (M) we have for an individual

tion, increases.

a-1

M=1-aby . _ - (1h)

The effect on M of a change in the public parameters is given by

G-l a-1

caM = —ay® Lap - (by® ! + ary® iog y)da. (15)
The revenue constraint implies, by (10)
-1 o T
dM =ab yo (p + oga)da = (o™ s aby ™ llog v)da 7 (16)

1) Onc can alsc sec that, the higher the value of a the larger the funcition
that gets an 1nb“easc&d1qpooaolt income from a marginal increase in +he pro-
gressivity. (When a = 0.7 more than T5 percent of the income earners couid

te expected to get their dnsposable income increased by an increased pro-
gressivity.



g "

It is clear from (16) that g¥ < 0 if and only if

o

2
' of (c“a ~ 1/a) .- (17)

so a majority gets an increased marginal tax rate from an increased pro-

gressivity if and only if o < i.
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