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On the Measurement of the Degree of Progre ss ion 

l. Introduction 

It is generally agreed upon that _§;__ll_!:.Ogressive tax system should be defined 

as one;where the average rate of tax increases with income before tax. 

The degree of progression, however, is often referred to by politicians 

and economists with no precise rueaning attached to it. 

The ambiguity of the latter concept vras discussed by Husgrave and 

Tun Thin [1948] (M & T) in their well-knmm article "Income Tax Progression 

1929-1948". They suggested the following four local measures of pro

gression. 

l. Average rate progression 

(The derivative of the tax rate with respect to lncome before tax.) 

2. Marginal rate progression 

(The derivative of the marginal tax rate with respect to lncome b efore tax. 

3. Liability progression 

(Elasticity of tax liability with respect to lncome before tax.) 

4. Residual income progression 

(Elasticity ofincome after tax with respect to lncome before tax.) 

Tbese measures are all compatible with the basic definition of a 

progressive tax system. Any progessive tax is namely by each measure con-

sidered as "more progressive" than a proportional tax. - -·-··- ------~----.----

As could be expected the different rneasures all had different stories 

to tell about the development of the progression in the U.S. N. ~.T. could 

also centend that it were not possible, on the grounds of any of the sacri

fice formulae to single out one measure of progression as the "correct" o::1e. 

To day i t seeros natural to choose income redistribution instead of t:rad:i.tion2. 

eqi.iity theory as a fraruework for a discussion of the degree of prog~essicm. 

Recent \TOrk1 ) on the measurement of income inequali ty· has providec strong 

justification for the use of the Lorenz-criterion wheD ranking income 

di~tributions with respect to income inequality. When the incame distri

bution bcfore tax is given this criterion could also be used to Qecide 

<Ihether ene tax system is rnore reclistributed than another. Suppos0 ~o.melf 

l) Atkinson [1970], Kolm [l969]and Rotebild & Stiglitz [1973]. 
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that two tax schedules give r2se to income distributions after tax with non

intersecting Lorenz-cm~ves. Then the tax schedule relative to the dominat ed 

Lorenz-curve can be considered unambiguously more redistributive than the 

other. 

The purpose of this note is to show that as soon as the context chooseJ 

lS lncome redistribution judged by the Lorenz-criterion, there is just one 

logical measure of progression. The argument rests on the fallovring reason

able requirement for a local measure of progression: If' one tax system 

everyvrhere is more progressive than another, then it shoulcl also be un

ambigously more redistributive than the other. 

· In section 2 it is shown that the only measure to meet this test ls 

the clasticity of income after tax, or with the M & T terminology, the 

res i dual progression. ,This relation between the global concept of redistri

bution and the proposed local measure of progression certainly is of ana

lytical value, but it could also be useful in the practical work of e.g. 

assessing alternative tax systems. 

Generally the redistributive effect of a tax system lS affected by 

a change in the lncome distribution before tax. Of a special interest 

are the effects from a mere change of the scale of the income distribution 

before tax. For a tax schedule with constan-c progression redistribution J. s 

unaffected by any proportional change in income distribution before tax. In 

fact it lS the only tax schedule with this property, which is shown ln see

tian 3. In the last sectim the effects of an increased progression en tax 

rates and marginal tax rates, at different lncome levels, are discussed. 

2. Progression and Lorenz-domination 

In order to decide vrhether a particular income distribution is more equal 

th . . ( ) . l) A . an another the concept of Lorenz-domlnatlon LD Wlll be used. ccordlng 

to this criterion an income distribution is more equal than another if and 

only if its Lorenz-curve lies cornpletely inside the Lorenz-curve of the other 

The criterion has a long tradition in the study of incorne inequality. It 

can moreover be shmm1 ) that it lS eq1;.ivalent with the intuitively appealing 

"principle of transfers". 2 ) LD provides a partial orde:ring on the set of 

income distributions. Each one of the conventional measuTes of inequality 

l) See Kolm [1969], Rotschild and Stiglitz [1973], Atkinson [1969]. 

2) Dalton [1920]. 
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g1ves a particular total ordering on the same set. It can be shown1 ) that 

most of these orderings are in accordance with LD. A further justification 

for the use of LD in this context is provided by the corollary of this see

tian. 

In this section and the following one we will Hork with discrete re

presentations of income distributions. An income distribution 1s thus given 

avectorp = (p1 , ... ,pn); 

of the i:th person. The 

by the curve2.) 

P1 ~ P2 , ... ,~Pi'' .. ,~ Pn' where pi 1s the 1ncome 

Lorenz-curve of a particular distribution is g1ven 

(~ 
\1 pi) E 

i=l 
l, ... ,n ; \1 = n 

l: P· l 

i=l 

A formal definition of LD now 1s: The vector p lS Lorenz-dominated by the 

vector q if and only if 

\1 

L P-· 
i=l l 

n 
L P~ 

i=l l 

\1 

E q. 
i=l l ----· 

n 
E q. 

i=l l 

' v= l, ... ,n 

with equality for v = n. 

(l) 

The following lemma lS essential for the proposition 1n this section. 

Lemma: 

o ~ p l 

q. 
l --< 

q_ l 
l-

Consider t wo 

.f P 2 ,b,. .. , L 

p. 
l 

P. l 1-

vectors p = 

p and o f 
n' 

' -

(pl, . ... ,p ) and q = ( q_ ' ... ,q ) ' where 
n J. n 

q l f q2 f .f q . If for l<if:n 
n 

( 2) 

then the vector p 1s Lorenz--dominated by the vector _q. 

Proof: The ineqmility ( 2) implies 

l) See i. e. Atkinson (1969]. 

2) See Kolm [1969]. 

t hat 
n q_ 
L 

l 

i=l q l 
! 

n p. n q_ n 
L 

l and < L 
i=l P, 

i=l .L 

_l;_ > L 

~n_ __ -- i.=l 

P. 
l 

p . 
n 
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Since both vectors are positive we then have 
q_ l 

n 
> 

P. 
l 

n 

. qn 
and---< 

n 

4 

n 
L <l. 

i=l l 
L P. 

i=l l 

L q. 
i=l l 

L P. 
i=l l 

Since both p and q are arranged Hl increasing ord~r there now exists an intege 

v' such that 

q·. 
l 

n 
L q. 

i=l 

and 

l 
q·. 

l 

n 

l 

L q. 
i=l l 

< 

P .. 
~ l 

'<l here L l 
n ' 
L p. 

i=l l 

p. 
l 

-.::::.......-, where J. > v ' 
n 
L p. 

i=l l 

n 
L q. 

V' 

n 

From the 
. . i=l l 
ldentl ty --- -

n 

L: p. 
i=l l 

L: q. 
i=l l 

n 
L: p. 

i=l l 

and ( 4) 

The rest of (l) follmvs directly from ( 3). 

We now can prove 

(3) 

( 4) 

\) \) 

. L: q. L: p. 
. l l i=l l 

have l= ~ we --- j \) > 
n n 
L: q. L: p. 

i=l l . l l l= 

Proposition l: Consider two tax schedules with elasticities in lncome 

after tax as a function of lncome before tax given by a 1 (y) and 
----1)-

a2(y). 

\) 
j • 

i) If a 1 (y) < a2 (y) every-".vhere then system l l s unambigously more redistri-

butive than system 2. 

ii) A necessary condition for system l to be more redistributive than 

system 2, for any distribution of income before tax is that a1 (y) < a2 (y) 

everywhere. 

l) For.an individual ,.,e-- ha'v-e 
y = lncorne before tax 

- --- ·.'\· --

s= amount of tax paid (s :is a function 
is specified in the t:.ax lm:s) 

of y, where the form of th_e function 

x = (y-s) = income after tax 

t = (2) = average tax rate 
y 

d s --- ·- marginal tax rate dy -

a(y) =(dx Y)= elasticit~r of income efter tax 
dy x 

e(y) = ((is L) = tccx elastic:i-'.~y. 
dy s 
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Proof: 

i) Ineome distribution before tax 1s g1ven by the veetor (y). The distri

bution of ineome after tax given by system one is represented by the veetor 

x1 and system 2 gives the veetor x2 . It follows now by the definition of 

elast:: e i ty 
l 2 

X·. X .• . 
l l --- < --

· 'l 2 x. x. 
l-l l-l 

of i neorue af ter tax t hat w hen a1 (Y) < a 2 (y) evel'Y'where t hen 

The first part of the proposition now follows from the Lemma . 

ii) -1 If a1 (Y) < a2(Y) exeept for one interval where a 1 (y) > a2(y)) we c:ould 

ahrays irnagine an ineorne distribution before tax that J:Es eompletely 

wi t hin the latter interval. 

As a eorollary to this proposition we get an interesting relation 

between LD and the basie definition of the progression. 

Corollary : If and only if a speeifie tax system is progressive everywhere 

any 1neome distribution before tax vill be Lorenz-dominated by the resulting 

ineome distribution after tax. 

3. eonstant progresslon 

The Lorenz-eurve of an ineome distribut~on 1s not affeeted by the seale of 

ineomes. Or in other words) a propertionate ehange of all ineomes leaves the 

Lorenz-eurve of the distribution intaet. 

It is easily verified that a tax sehedule of eonstant progression has 

the property to preserve the Lorenz-e'lirve for the distribution of ineomes 

after tax) when the se ale of all i neomes is changed. In the follm·ling pro

position it is also shown that in faet it is the only tax sehedule with this 

property. That is) in any other tax system, there is a ehange in the re

distributive. effect resulting from e.g. an iriflationary proportional 1n-

crease of all ineomes before tax. 

Proposition 2: 'I'he redistributi ve effect of a particular tax sehedule 1s 

unaf'feeted by a proportion<".te ehange in all incomes before tax if and 

only if a (y) is eonstant (i.e. x::: bya, where y is incomc before tax and 

x 1s ineome 8.fter tcx). 
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Proof: 

i) The sufficiency part is trivial. 

ii) To prove the necessity let the relation bet-ween income before tax (y) 

and income after tax (x) be given by x= f(y). If the before tax distri

bution with a scale factoris given by ay = (ay1 , ... ,ayn) we than get the 

after tax distribution x= (f(ay1 ), f(ay2 ), ... ,f(ayn)). It is easily checked 

that the requirement that the Lorenz-curve of a . is invariant for changes 
/ f(ayl·) in ix implies that for any p.a.ir of elements y. y. the ratio lS a 

function of y. and y. only. I.e. l J f(ayj) 

f{ay.) 
l 

f( ay.) 
J 

l J 

= G(y:; Y·) 
l J 

For y. =l we get 
J 

f(ay.) = f(a) g(y.) 
l l 

There is a well-knmm theorem first proved by· Cauchy [1821] that the only 

function to satisfy this eq~ation is x= bya. 

4. Tax rates,marginal tax rates and progresslon 

The measure of progression (a) advocated here can be written as a func

tion of the individual's tax rate (t) and marginal tax rate (M) ln 

the follmring way 

a( y) = 1-M( y) 
l-t( y) • ( 5) 

So a could be lowered either by an increase in the marginal tax rate or 

a decrease l!l the average tax rate. If we for a given revenue constrai11t 

on the macro level consider a uniform increase in the rate of progression 

we would expect people ·.;ri th low incomes to get the i r tax rates reduced while 

they would be raised for high-income people. The lati:.er category must con

sequently al so get thcir mal ginal tax rates inc-:e:1sed , vrhile there •rould 

be a possibili ty for lov in come people to ge·t marginal tax rates reduced 

as well. 
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For a log-normal income distribution, and .a tax schedule vith eon

stant progression can prove . 

_:proposition 3. Suppose the income distribution before tax is log--normal 

(\l ,o) and eons i der tax schedules -.ri th eonstant progress i vi ty. Then an in

creased progressivity vith eonstant revenue, gives a majority of income 

earners a decreased tax rate and another major ity an increased marginal 

tax rat e (if o< l-). 

Proof: The tax schedule ls glven by 

a 
x = by ) 

where b and a are public parameters. 

(6) 

In come before tax (y) is log-normally ,dis tri bu t ed -vri th the parameters 

\l and o. Therefore the mean income of the distribution J.s glven by 

( 7) 

The median lS 

( 8) 

Nov by (l) and vell-known properties of log-normal distributicns1 ) we 

have 

The aggregat e 

t = E[ x] 
l - E[y] = 

l 2 2 
all + 2 a o 

=be --

tax rate (t) lS given by 

ll(a-1) l 2 2 +-o(a--1) 
2 l - be 

By diffe;entiating ln (9) we get 

' ( 9) 

(lO) 

whi ch is the relation between r?hanges l ll tbe pul1lic parameters holding 

revenue constant. 

l) See i.e. Aitchison ~ Bcc~n [1969]. 
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. db . 
Natural enough- lS negative. An increase in the progressivity 

da 
( decreas e in 3.) adlni t s a comnensating proportional increase in the dis-

posable i neomes. 

To get the effect on: the in di vidual leve l of changing public pararneters 

vre differentiate in the tax function ( 6) 

dx 
a a 

= y db + by log y da (11) 

Sub s t i tuting for db l n ( 11) vre get 

(12) 

From (12) it can be seen that an increase progressivity (da<O) g1ves an J.n

creased disposable incorne if and only if 

Y < e 
2 

Jl+ao . ( 13) 

As the median income of the distribution is g1ven by e\1 it is c1ear from 

(13) that a majority of incorne-earners ab:ays (a~O) get their clisposable 

income increased when the progression, and consequent1y the tax redistribu--
• o l) 

t1onJ 1ncreases. 

Turni!lg to the marginal tax rates (M) we have for an individua1 

a-l 
M = l - aby, • 

The effect on M of a change 1n the public pararneters ls glven by 

The revenue constraint irnplies, by (10) 

a-l 2 a-1 a-l · ) 
dH =ab y -(l! + o a)da- (by + aby log y da 

(15) 

(16) 

l) Onc can als o see that, the higher the va1ue of .a. the largel· the funct:ion 
that ?e~s an ~nc:reasEddisposaole income from a marginal inc:r·ease in the pr(>
gresslVlty. \When a== 0.7 rnore than ·r5 percent of the incomc enr;1.ers cou:Lä. 
b•; expected to get thcir disposable income increased by a!1 increas?d pro-
[ressjvity. · 
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It lS clear from ( 16) that ~i < O if and only if 
da 

2 
-w + (0 a - l/a) 

y > e 

9 

( l'7) 

so a majority gets an increased marginal tax rate from an increased pro-· 

gressivity if and only if a <.l 
a 

- --- --- · - ··•·y·- ----- · ·- ___ , ___ ~----·· ·- -· -.-----.,. ... ..,.. ... -· ~ - -~--- · ······· '~ --- -- - ------~~ ...... - ----- ---~- .. --···· · ·- · ·--...... - .. -.. -- -- -- ·· - - ---.-
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